
Test 2 Math Analysis, Spring 2003 Name:

This part of the test is worth 50 points, and the take-home part is worth 50 points. Notes,
books and calculators are not allowed.

1. Let V be an open subset of Rm and f : V → Rn. Define differentiability of f at a ∈ V .

2. Let f : R2 → R3, g : R3 → R2. Find df(g)(0) if

f(t) =

 1 2
3 3
2 1

 t +

 t21
t22
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 , g(x) =

(
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3 2 1

)
x+

(
x1x2

x2
3

)

3. Given a surface in R4 : x1 = u, x2 = v, x3 = u2 + v, x4 = v, where (u, v) ∈ R2. What is
its dimension? Find an implicit representation of the surface.

4. Taylor’s theorem states that if g : D → R, where D ⊆ RN , is a Cm function then
g(x) = Tm(y, x) + o(|x− y|m),

Tm(y, x) =
∑
|α|≤m

(x− y)α

α!
(

∂

∂x
)αg(y)

Write down, what all the terms in the formula α, |α|, α!, (x− y)α, (∂/∂x)αg(y) stand for.

5. (a) Let f : R3 → R1 be a C1-function. Prove that if x0 is on the surface f(x) = 1 then
the vector ∇f(x0) is perpendicular to any vector tangential to the surface f(x) = 1 at point
x0. Hint: Recall that to obtain a tangential vector to the surface you should take a curve on
the surface, passing through x0 and find its tangent.

6. Consider the surface in R3 given by the equation x2 + y2 − 4z2 = 1. Use Lagrange
multipliers to prove that if x0 = (x0, y0, z0) is a point on the surface that minimizes or
maximizes the distance (or more conveniently the square of the distance) to the origin then
the line joining the origin and x0 is perpendicular to the surface.
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MATH ANALYSIS II TEST 2

Take-home Part. Due Friday, Apr 18 by 4:30 p.m. or Monday, Apr 21.

You may consult the text or your notes but consultation with other individuals is not
permitted. At the top of the first page of your test, please include the following statement,
and sign it:

”I state on my honor that I have not consulted with any individuals
concerning this test”.

Notes :
Solve all four problems.
Justify your answers, give references to the theorems you need for your argument.
If need be, I may ask you to explain your work in person.
Make sure that your paper is legible.

PROBLEMS

1.(a) Use the contractive mapping principle to prove that the mapping x → g(x) =
x

2
+

1

x
has a unique fixed point in the domain (1,∞). Find the fixed point.

(b) (5 points bonus). Repeat part (a) for the mapping h(x) =
x

2
+

a

2x
with 1 < a < 3.

2. For (x, y) ∈ R2 define
(u, v) = F(x, y) = (x2 + y, y).

(a) Is F a one-to-one mapping of R2 to the range of F?
(b) For which (u, v) is F−1(u, v) a differentiable function?
(c) Find F−1 explicitly and demonstrate that d(F−1) = (dF)−1

(d) (5 points bonus). Find the range of F. What are the images of the lines x =const,
y =const under the mapping?

3. Classify critical points of the function g(x, y) = x2 − xy + y3 − y.

4.(a) For which values of c does the equation x2 + y2 − 2z2 = c define a C1 surface?
(b) For those values of c that define a C1 surface, decide which variables can be taken to be
the independent variables in the description of the surface locally as a graph of a function.
(c) Compute the tangent space and the normal space to the surface in part (a) at each point.
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